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ABSTRACT 

The standard treatment of gravitational lensing by a point mass lens M is based on 
a weak-field deflection angle a = 2/xq, where xo = roc 2 /2GM with ro the distance 
of closest approach to the mass of a lensed light ray. It was shown that for a point 
mass lens, the total magnification and image centroid shift of a point source remain 
unchanged by relativistic corrections of second order in 1/xq. This paper considers 
these issues analytically taking into account the relativistic images, under three as- 
sumptions A1-A3, for a Schwarzschild black hole lens with background point and 
extended sources having arbitrary surface brightness profiles. The assumptions are 
Al: The source is close to the line of sight and lies in the asymptotically flat region 
outside the black hole lens; A2: The observer-lens and lens-source distances are sig- 
nificantly greater than the impact parameters of the lensed light rays; and A3: The 
distance of closest approach of any light ray that does not wind around the black hole 
on its travel from the source to the observer, lies in the weak-field regime outside the 
black hole. We apply our results to the Galactic black hole for lensing scenarios where 
A1-A3 hold. We show that a single factor characterizes the full relativistic correction 
to the weak-field image centroid and magnification. As the lens-source distance in- 
creases, the relativistic correction factor strictly decreases. In particular, we find that 
for point and extended sources about 10 pc behind the black hole, which is a distance 
significantly outside the tidal disruption radius of a sun-like source, the relativistic 
correction factor is minuscule, of order 10~ 14 . Therefore, for standard lensing config- 
urations, any detectable relativistic corrections to microlensing by the Galactic black 
hole will most likely have to come from sources significantly closer to the black hole. 

Key words: black holes: strong field regime - gravitational lensing: photometry and 
astrometry. 



1 INTRODUCTION 

Microlensing describes gravitational lensing of a source 
whose multiple images are not resolved. Two fundamental 
microlensing observables are the total magnification (pho- 
tometry) and image centroid shift (astrometry) of images 
of a lensed source. These observables have important as- 
trophysical applications such as determining the mass and 



e.g., Paczynski 1996, Paczyhski 1998|, 


3oden, Shao & van 


Buren 1995, peong, Han & Park 1999 


, Gaudi & Petters 


2002, and references therein). 



A natural issue to explore is how are the photometry 
and as trometry of a source being lensed by a point mass 



changet I when the point mass is replaced by a black hole 



lens. This could have important implications for the testa- 
bility of general relativity's predictions about how the grav- 
itational field of a black hole affects light rays. Indeed, the 
standard theoretical framework for point mass microlens- 
ing is based on relativistic calculations to first-order in 1/xo 
about a Schwarzschild black hole, where 



x = 



ro 
2r £ 



GM. 



where M. is the black hole's mass and r 
radius 



Ebina et al. 



the gravitational 



(2000) found that to second-order in 
1/xq, the relativistic corrections appear in the position and 
magnification of images due to a point mass lens, wh ile no 
such corr e ction appears in the total magnification. Lewis 



& Wane 



(2001) also showed that no relativistic correction 
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to second-order in 1/xo occurs for the associated image cen- 
troid shift. In this paper, we extend the work of the previous 
authors by determining an analytical expression under as- 
sumptions A1-A3 for the full Schwarzschild black hole rela- 
tivistic correction of the image centroid shift, which includes 
the total magnification, for point and extended sources with 
arbitrary surface brightness. 

The full relativistic corrections will then be applied to 
the case of the massive black hole at the center of our Galaxy. 
Microlensing by the Galactic black hole has been studied by 



that is Minkowski at infinity (e.g., Wald 1984, p. 119) 



ds 2 = - ( 1 - ^) c 2 dt 2 + (l--) dr 2 + r 2 dQ 2 



where r. is the Schwarzschild radius 



2r E 



3 T7- km 



Wardle & Yusef-Zadch 


1992, 


Alexander & Sternberg 


1999 


Alexander & Loeb 


2001 




Alexander 


2001 


). In addition, the 



precession of star orbits in the st rong-field regime of t he 



black hole was considered by, e. g., Jaroszyrmski ( 1998 



199S| ), |Fragile fc Mathews | (|200C| ). |Virbhadra fc Ellis | ( |20Qi 



gave a numerical treatment of the magnifications of sev- 
eral relativistic images for a point source being lensed by a 
Schwarzschild black hole lens at the Galactic center. They 
considered sources within our Galaxy that are far away 
from the black hole (about 8.5 kpc), while we shall con- 
sider sources as close as 10 pc to the black hole. Analytical 
work on magnification due to a Schwarzschild lens was also 



and dQ, 2 the standard metric on a 2-sphere of radius 1. 

Relative to the optical axis through the observer and 
center of the black hole, let /3 denote the angular position 
of a point source behind the black hole. Note that a source 
between the observer and the black hole is also lensed; in 
principle, even the observer is lensed. Such situations will 
not be treated in this paper. We shall always assume the 
standard lensing configuration of a source behind the black 
hole 

The capture cross section a of a light ray in a 
Schwarzschild spacetime is a = ir b 2 rit , where b cr it — 3\/3 r K 



with u niform brightness profil 



telli, 



Romerc 



King 



& Newman 



poocj 



(e.g., 


Ohanian 


1987 




Frit- 


Bozza et al. 




2001 




Eiroa, 



is the critical apparent impact parameter (e.g., Wald 1984, 
p. 144). Consequently, any light ray that makes it from the 
source to the observer will have an apparent impact parame- 
ter b greater than & cr it . The classification of null geodesies in 
the Schwarzschild geometry divides such source-to-observer 
light rays into those that loop around the black hole at least 
once before arriving at the observer and t hose that travel 



Torres | ^002^! As noted above, our microlensing directly to the ob server without looping (cf. 



treatment will apply not only to the magnification, but the 
image centroid of extended sources with arbitrary surface 
brightness. 

We shall also show that a single factor approximates 
the relativistic corrections to the weak-field total magnifi- 
cation and image centroid due to a Schwarzchild black hole 
lens at the Galactic center. The same factor applies to ei- 
ther a point or extended source. Estimates of this factor 



Wheeler 



1973 



Misner, Thornc 



will be given for lens-sources distances ranging from 10 pc 
to 100 pc. In principle, the magnification and image centroid 
of sources closer to the Galactic black hole should provide 
stronger relativistic microlensing signatures. We shall show 
that even for sources about 10 pc behind the black hole, the 
full relativistic correction is still negligible. 

Section |i| reviews some basic results about lensing by a 
Schwarzschild black hole. In Section |^, we compute explic- 
itly the image centroid due to a Schwarschild black hole act- 
ing on point and extended sources with arbitrary brightness 
profiles. Our image centroid formula expresses the relativis- 
tic image centroid in terms of the weak-field image centroid 
due to a point mass lens. Section ^ estimates the relativistic 
corrections to microlensing by the Galactic black hole. 



2 IMAGE POSITION AND MAGNIFICATION 

We review some basic analytical results about the image 
positions and magnification due to a Schwarzschild black 
hole lens. 



2.1 Lens Equation and Bending Angle 

A Schwarzschild black hole of mass M. is the unique static, 
spherically symmetric, vacuum (i.e., Ricci flat) spacetime 



p. 674). 

Let Dls, Dl, and Ds be the distances from lens to 
source, observer to lens, and observer to source, resp. Denote 
the angular position of a lensed image relative to the line 
of sight by i9. A negative angle will correspond to an 
angular position on the side of the black hole opposite to 
the angular position i9. A trigonometric argumen t yields the 
lens equation , which relates /3 and as follows (Virbhadra 



Ellis 



200cl ): 



tan P — tan § - 



Dls 
D s 



(tantf + tan(«- #)), 



(1) 



where a is the bending angle of the lensed ray. The lensed 
images of a light source at f3 axe the solutions $ of the lens 
equation. The magnification of a lensed image i? is the ratio 
of the solid angle subtended at the distance to the source by 
the lensed image to the solid angle of the unlensed source. 
Explicitly, 



sin /?(??) d/3 



sin -0 d'ff 



(2) 



The lens equation cannot be solved analytically in closed 
form, so approximations appropriate to the lensing scenario 
of interest to us will be employed. 
Our working assumptions are: 

Al: The source is assumed to be close to the line of sight, 
i.e., \/3\ « 1, and lie in the asymptotically flat region out- 
side the black hole, i.e., Dls » r. . 

A2: In anticipation of later applications to the Galactic 
black hole, we suppose that Dl >> b and Dls » b, where 
b is the apparent impact parameter of any light ray from the 
source to the observer. 

A3: For any light ray from the source to the observer that 
do not wind around the black hole, we shall assume that its 
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distance of closest approach ro lies in the weak-field regime 
regime, i.e., ro >> r.. 

We shall now use Al - A3 to simplify the tangent terms 
in the lens equation. Relative to the observer, the caustic due 
to the black hole coincides with the optical axis passing the 
observer and singularity at r = 0. By Al, the source is near 
to the optical axis (i.e., \/3\ « f), so the source is highly 
magnified and its angular position satisfies 



tan (3 as (3. 



(3) 



In A2, it is important to add that the apparent im- 
pact parameter b and distance ro of closest approach are not 
equal in general and approximate each other in the weak- 
field limit. In fact, for our lensing assump tions, the qua nti- 
ties b and ro are related as follows (e.g., Wald (1984), p. 
144) 



Consequently, we have b > ro and b w ro for the nearly 
flat regime ro >> r.. Assumption A2 yields that | tan$| « 
to/Dl « 1, so 



tan t)«t). 



(4) 



Before discussing how our assumptions affect the term 
tan(cv — •&) in (jl|), we consider the bending angle a under 
assumptions Al and A2. The bending angle, w hich is not 



a pri ori assu med to be s mall, is given by (e.g., Weinberg 
1973, p. 189; [Wald||l984|, p. 145): 



a{xo) = 2 



dx 



where 

P{x) = x 2 [(x/x ) 2 (l - 1/xo) - (1 - 1/x)], 



x 



(5) 



ro/r.. 



The integral in (|5|) is an elliptic integral and can be expressed 
in terms of an elliptic integral of the first kind. In fact, set 



P(x) 



1/xo 



X(x) 



with 



X(x) 



1/xo 



(x-l) 



The zeros of thp quaxtie y ( fr ) arp 



n = xo, r 2 



xo 



r-2 



2(-l + x 



2(-l + x ) 

l-xo- \/-3 + 2x + x\ 



1 — xo + \J — 3 + 2xo + xl 
r 4 = 



Note th at ri > r 2 > r 3 > r 4 . It can be shown (e.g., Hancock 
195^, j >. 47) that 



dx 



sfX{x) (n -r 3 )(r 2 -r 4 ) 
where 



(6) 



F{cj>,k) = (1 - fcsin 
Jo 
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Figure 1. Bending angle a (in radians) as a function of xo = 
ro/r., where ro is the distance of closest approach to the black 
hole. In the top graph, we see that a diverges as xo — » 3/2. The 
bottom graph shows that a is significantly less than unity for 
xo ^ 8.75 X 10 3 . In the case of the Galactic black hole, the range 
of xo in the bottom graph corresponds to a distance of closest 
approach in the interval 2.29 X 10 -3 pc < ro < 7.19 X 10 -3 pc. 
This yields a lens-source distance ranging from about 10 pc to 
100 pc — see Figure ^. 



is an elliptic integral of the first kind with arguments 

r 4 )(r 2 



r 2 - r 4 
n - r 4 : 



k = 



r 3 ) 



(ri — r 3 )(r 2 — r 4 ) ' 

Using we plot the bending angle a in Figure ^. In ad- 
dition, Taylor expanding the integrand of in (|5|) yields the 



follow i ng expansion for the bending an gle ( Virbhadra & Ellis 



200C 



Eiroa, Romero fe Torres 2002) 



(7) 



For light rays that travel directly from the source to the 
observe without looping around the black hole, assumption 
A3 yields that 1/xo << 1. By ([?]), the bending angle takes 
the standard weak-field form: 

a(x ) w — . 
xo 

Because |q| << 1 in this case and << 1 by (^), we obtain 
la — •&] << 1 and, hence, 



tan(a — $) ~ a — ft. 



(8) 
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For the source-to-observer rays that do not loop, we 
have 1/xo « t,/(0Dl). Combined with equations (Q), 
and <W we see that the lens equation reduces to the usual 
weak-field lens equation: 



P = $- 



where 



8 E = 



D L 



D s 



&{■&) = <9 



2D LS r. 
D L D s ' 



(9) 



(10) 



For rays that loop around the black hole at least once 
before arriving at the observer, the bending angle a is near 
a multiple of 2-k (cf. Figure |l]). Such light r ays are close to 
the unst able photon orbit at radius 3r g (e.g., Chandrasekhar 
|l99S|, j >, 132). In this case, the bending angle has the form 
a = 2nn + Aa n , where n > 1 is the number of times the 
light ray loops around the black hole and |Aq„| << 1 (rep- 
resenting a small angular deviation from a multiple of 2tt). 
Consequently, 

tan(a - 0) » Aa n - (11) 

Equation ([n]), along with Al and A2, yields the following 
str ong-fie ld lens equation for rays circling near 3r g (Bozza et 
al. ||200[rj ): 



P = d- 



Dl 



-Aq„. 



(12) 



We now turn to the solutions of the weak- and strong- 
field lens equations. 



Note that the angular image positions and magnifications in 
( [TBj ) for the weak field regime coincide with that obtained 
from lensing by a point mass. 



2.3 Relativistic Einstein rings 

If /3 = 0, then the source is lensed into the formally infinitely 
magnified Einstein ring mentioned in Section 2.2, along with 



an infinite sequence of relativistic Einstein rings near 3r g . 
The angular radii °f the relativistic Einstein rings are 
given by the solutions of the strong-field lens equation ( |l2| ) 
for /3 = ( |Bozza et al~||200l| ): 

(16) 



= 0. {Ao e-^ +1 ^ + Bo) 
where 



0. 



r. 

~D~l' 



A = VS 



18 



2 + V3 



3\/3 
2 ' 



Note that #. is approximately the angle spanned by the 
Schwarzschild radius. For simplicity, set 

< = Ao #. e - (2n+1)w 



and rewrite i?_ as 



tin = d' n + #. Bo- 



Since -d. « 1, we have d* < 1 (because Ao e _37r « 3.25 x 
10 -3 ). Consequently, each term in the strictly decreasing 
sequence {d*}^! obeys 



d' n < d\ < 1, n = 1, 2, 



(17) 



2.2 Einstein ring, Primary and Secondary Images 

The solutions o f the weak-field lens equation ( E ) are well 
known (e.g., see Petters, Levine fc Wambsganss (2001), pp. 



187-191, for a detailed treatment). 

If p = (source is on the optical axis) , then the source 
is lensed into a formally infinitely magnified circle, called an 
Einstein ring, which has an angular radius #e- 

If /3 (source is off the optical axis), then on opposite 
sides of the black hole there are a primary image ■df and 
secondary image of the source: 



+ 4 



(13) 



The primary and secondary images have magnification 



wf 

M± = 



+ 2 



2\p/6 B \ V(/3/fe) 2 + 4 



m (14) 



Note that assumption Al was used for the approximations 
in ([u^) and (|l4|). The total magnification is 



wf . wf 



0e 



To simplify expressions like (^||)and (Q that involve 
#e, we shall scale all angles as follows: 

P a 

The weak-field image positions and magnifications now be- 



Vwf 
± 



±1, 



wf 



1 

2M 



jUwf 



1 

R 



(15) 



2.4 Relativistic Images 



If P 7^ 0, then we know from Section 2.2 that on opposite 



sides of the black hole there are a primary image and 
secondary image from light rays that travel directly (no 
looping around the black hole) to the observer. In addition, 
there are two infinite sequences (on opposite sides of the 
black hole) of relativistic images that are due to light 
rays looping n times around the black hole near 3r g . The 
following expressions for the soluti ons of the stron g-field 
lens equation ( p^ ) are convenient (Bozza et al. 2001): 

J), 

d' n p. n= 1,2,.... (18) 



t) 



±C + 



D LS 



The images $J (resp., result from n clockwise (resp., 
counter-clockwise) windings around the black hole. 

Using (@), the magnifications of the relati vistic images 



can be shown to be approximately a s follows (Bozza et al 



2001] , [Eiroa, Romero fc Torres |g00J) 



± 

H n = 



D s 







d " \P\ ' 



D LS 

The total magnification is then 



(19) 



Equations (|l^) and (^) imply that 



2 Ds 
P\ D Li 



Y^{d' n ) 2 + B #. J^dl 



(20) 
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and 



By (fn]), both series in ( |20| ) are geometric series. Hence, 
2 D s $1 Co 



MR = 



where 



Dr 



C = A 



Ao 



1 - e- 



+ Bo 



1 - e- 2 * 



(21) 



(22) 



e 



flR 



By (|l|) and (|§, the weak-field image centroid is 



u 
2 ' 



(30) 



to 



Recall that (By) is the weak-field image centroid for source 



i — to* — , — Us. — 







troid due to a point mass lens is an ellipse (e.g 


., Hog, Novikov 


/A Q 




(23) 


& Polnarev JJl!>9 r | 


Miyamoto & Yoshi 


1995 


Walker [19951). 



± 

Mn 



MR = 



£S R E _j_ 

D LS " n \u\' 

2 Ds fl Co 

d ls e E \u\ ■ 



(24) 
(25) 



By (p5|), the relativistic and total magnification s for a point 



source are then given as follows (Bozzaetal 



fc Torres 2002) 



2001 



Eiroa 



Romerc _ 

MR = Cr Mwf , Mtot = Mwf + Mfl = (1 + Cr) fi„{ , (26) 



where 
Cr = 



ZDs dj C 3 
D LS 9 E = 4C7 °»" 



(27) 



Equation ( j26| ) shows that Cr determines the relativistic cor- 
rection to the total weak-field magnification. 

We also refer interested readers t o the elegant gener- 

(2002) of equations 



Eiroa, Romero & Torres 



alization by 

( [23] ) — (|2^) to the case of a Reissner-Nordstrom black hole 
lens. 



3 IMAGE CENTROID 

In this section, we derive a formula using A1-A3 that ex- 
presses the image centroid of a Schwarzschild black hole as 
a relativistic correction to the weak-field image centroid of 
a point mass lens. 



3.1 Image Centroid Formula 

The center-of-light or centroid of all the images of a source 
at u is 



(H+ 6+ + M _ 9-) + V (fit. Ot + 



n=l 



Mtot 



(28) 



where /i tot is the total magnification. Since the centroid shift 
is 

<50ccnt — ©cent — U. 

it suffices to study cen t- 

We now express the image centroid as 

_ Mwf n wf , Mr r 

Mtot Mtot 

where 0^ f nt and 6^ nt are respectively the centroids of the 
weak-field and relativistic images. Explicitly, 



(29) 



e; 



wf /iwf 1 wf owf 

,{ _ M+ y + + fi- V- 



Mwf 
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2 00 

R _ 2 ( D s \ u v-^ a E 1 i§ \ 

"cent — — I 7^ — I I — r / f„ (a n 

Mr \D LS J \u\ ^ 



MR V L>hS 
Now, observe that 

n=l 
where 

Co(fc) = [Ao E(k + 1) + B E(k)] 
with 

B(fc) 



(31) 



(32) 



1 g — 2/C7T- ' 

Note that Cb(l) = Co. Equation @ yields 

2 /B S \ 2 C (2) 02 u _ 8 c (2) 0jj 



e 



— ("OX 

Mr V Dls / 



Mr \J->lsJ 9e \u\ mr |«| 

Equations @, @, and © imply 

©c^cnt = Dr 0™ f nt , (33) 



where 



D R = 4 



Co (2) 



R * Co(l) 
Hence, the image centroid ( pj| ) simplifies to 
ft — r 1 P) wf 

^cent ^ccnt ^-'ceiit s 

where 

1 + Dr Cr 



G 



(34) 
(35) 

i + Cr • ™ 

It follows that the constants Cr and Dr determine the full 
relativistic correction to the image centroid due to a point 
mass lensing a source near the caustic. 

3.2 Extended Source 

The total magnification of an extended source D with sur- 
face brightness S is given by 

oxt _ I D du S(u)Mtot(u) 

Mtot — 



J D duS(u) - 

where u = u with — 0/\0\, the unit angular vec- 
tor position of the source. The spherical symmetry of the 
Schwarzschild black hole implies that Mtot(u) = Mtot(u). 
Consequently, equation (pq) yields 



ext / -1 1 f~\ \ cxt 

Mtot = (.1 + <^r) Mwf > 



(37) 
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where 



cxt J D du g(u) Mwf (n) 

Mwf — 



J D du 5(u) 

is the weak-field ex tended source t otal m agnification. Read- 
ers are referred to Witt & Mao (1994) for a discussion of 
fi^i for a point mass lens. 

The image centroid of the extended source is 

ocxt _ J D du 5 ( U ) @ oent Mtot(u) 
^ccnt 



J D dw S(u) /itot(u) 



Equation (|35|) gives 

ecxt < /^.cxt,wf 

cent — ^cent ^ C ent i 



(38) 



where 



J D du S(u) 9" c f nt (it) /Xwf(«) 
J B du 5(u) At wf (w) 



is the we ak-field extended image centroid — see Mao & Witt 



(1998) for a treatment of S^t"* with a point mass lens 



Thus, as in the point source case, the quantities Cr and Dr 
determine the relativistic corrections to the extended source 
image centroid, as well as the total magnification, for a point 
mass lens. 



4 APPLICATIONS TO THE GALACTIC 
BLACK HOLE LENS 

In this section, we estimate the relativistic corrections to 
the weak-field total magnification and image centroid for 
the case of the Galactic black hole under A1-A3. 

We begin with estimates of some needed quantities. The 
constants Co(l) and Co (2) are given approximately as fol- 
lows: 

C (l) « 8.47 x 1(T 3 , Co (2) « 2.75 x 1(T 5 . 
For the massive black hole at the Galactic center, we have 



flGhez et al. ||1998| ): 

M. w 2.6 x 1O 6 M , D L « 8.5 kpc. 
The linear and angular Schwarzschild radii of the black hole 



5.23 x 10"^ AU, 



6.46 jias. 



(39) 



Since the relativistic images are near 3r./2, those on oppo- 
site sides of the black hole have angular spacings of order 
3$. ~ 19.38 /^as, which is outside the resolving capabili- 
ties of near-future instruments. The expected resolution of 
the Space Interferometry Mission to be launched in 2009 
is about 10 mas. Hence, the source is microlensed by the 
strong-field region near the black hole. 

The (weak-field) angular Einstein radius as a function 
of the lens-source distance x = Dls is given by 



f 2d. x \ 

\D L +x) 



1/2 



1.65 



D L +x 



(40) 



The function 9e(x) has anositive derivative and so is strictly 
increasing — see Figure The angular diameter of the Ein- 
stein ring is approximately the angular spacing between the 
primary and secondary images. For 10 pc ^ x ^ 100 pc, the 



9e (x) as 
D.iBr 




80 100 



x = D LS pc 




80 100 



x = D LS pc 



Figure 2. The angular (top graph) and linear (bottom graph) 
Einstein ring radii as a function of lens-source distance in the 
range 10 pc ^ Dls ^ 100 pc. For these distances, the linear 
Einstein ring radius rg approximates the distance ro of closest 
approach as well as the impact parameter b (since ro ~ b). The 
value of rg is approximately 2.29 x 10 — 3 pc for D^g m 10 pc. 



range of the angular spacing is 0.1 as < 29e(x) < 0.4 as, 
which is at the boundary of the resolving capabilities of 
present day instruments. 
We also have 



.(*) 



6e(x) 



3.922 x 10" 



and by (|34j) we get 



Dr(i) » 2 x 10" 



(41) 



Let us now verify that assumptions A1-A3 hold. We 
are supposing that |/3| << 1 and Dls ^ 10 pc, which by 
@ yields D L s/r. w 3.82 x 10 7 >> 1, so assumption Al is 
satisfied. Now, the largest value 6 max of the impact param- 
eter of light rays from the source to the observed occurs for 
the rays that travel to the observer without looping around 
the black hole. These rays passing through the nearly flat 
region outside the black hole, which means that the asso- 
ciated impact parameter and distance of closest approach 
are approximately equal. Equation ( p^[ ) shows that the an- 
gular positions of the closest approach of the light rays are 
given approximately by ±#e (since \/3\ « 1). It follows 
that b max can be approximated by the linear Einstein ring 
radius, rE(a;) = Dl6e(x) (Figure H). The function x/te{x) is 
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strictly increasing with a minimum value of approximately 
x/fe{x) > 4.38 x 10 3 » 1 for x ^ lOpc — see Figure [| 
In addition, since ie(x) is also strictly increasing with maxi- 
mum rg 1 ^ Ri 8x 10" 6 D L for x » D L (see @), it foUows 
that D l /y-e > Di/rE ax « 1.3 x 10 5 >> 1. Consequently, as- 
sumption A2 holds. Now, since t,/te(x) is strictly decreas- 
ing with a maximum value of order 10 -4 for x > 10 pc, the 
primary and secondary images lie in the nearly flat region 
outside the black hole. In particular, assumption A3 is also 
satisfied. 

We add that since r,/x is at most of order 10 -8 for 
x ^ 10 pc, a source at distance x lies in a region of space 
that is "flatter" than the region near the linear Einstein 
radius Ve(x) (since r,/rE(x) < 10 -4 ). Furthermore, for a 
source star of mass M* and radius i?*, the closest it can 
get to the Galactic black hole without being thorn apart is 
given roughly by the tidal disruption radius of the source 



x/r E (x) 
14000 




80 100 



x = D LS pc 



(e.g., Magorrian & Tremaine 1999) 
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where rj t is a parameter of order unity that depends on the 
model of the source. For M* ~ Mq and r* « Rq, the tidal 
radius is then of order 



rtidai « 137.5 R(. 



0.64 AU. 



0.0001 
0.00008 
0.00006 
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Hence, a source at x > 10 pc is significantly outside its tidal 
disruption radius. 

For the Galactic black hole, equation (^) shows that 
the relativistic correction to the weak-field total magnifica- 
tion is 



C R (a;) « 2.1 x 10" 



D L +x\^ 2 



(42) 



Since the derivative of Cr(x) is always negative, the correc- 
tion Cr(ib) is a strictly decreasing function of the lens-source 
distance x — see Figure ^. The figure shows that the rel- 
ativistic correction Cr to the magnification is at most of 
order 5 x 10 -14 for sources with Dls > 10 pc. 

Turning to the relativistic image centroid, equations 
( pj"| ) and ( |42| ) yield that the derivative of Dr(i)Cr(i) is 
always negative. Consequently, the function Dr(i)Cr(i) is 
strictly decreasing with increasing lens-source distance - 
Figure ^. Furthermore, the figure yields that Cr(:t) is at 
most of order 10~ 14 and Dr(i) Cr(i) at most of order 10~ 24 
for x > 10 pc, so the relativistic image centroid factor ( |36| ) 
can be approximated as follows: 



Ccont(x-) « 1 — Cr(i) for x > 10 pc. 



(43) 



It follows that the relativistic correction Cr to the weak- 
field total magnification also serves as a relativistic correc- 
tion to the weak-field image centroid. The value Cr(x) = 1 
corresponds to the weak-field case, which clearly holds ap- 
proximately for x > 10 pc. In light of Figure ^, measurable 
relativistic corrections to the total magnification and image 
centroid due to standard gravitational lensing by the Galac- 
tic black hole would most likely require sources very close 
to the black hole. 



Figure 3. The top graph shows that Dls >> r E for Dls 
10 pc, while the bottom illustrates that r./rg << 1. The latter 
implies that the primary and secondary images lie in the nearly 
flat region outside the Galactic black hole. 



5 CONCLUSION 

Previous work on gravitational lensing by the black hole at 
the Galactic center investigated the relativistic corrections 
to the weak-field total magnification and image centroid to 
second order in 1/xo = 2GM/(roC 2 ), where ro is the distance 
of closest approach of the light ray to the black hole. It was 
shown recently that for a point mass lens the total mag- 
nification and image centroid shift of a point source remain 
unchanged by relativistic corrections of second order in 1/xq. 
We computed the relativistic corrections for a Schwarzschild 
black hole lens under assumptions A1-A3. These correc- 
tions were applied to the case of the massive black hole at 
the Galactic center. We found that the weak-field magnifi- 
cation and image centroid have approximately the same rel- 
ativistic correction. This correction is a strictly decreasing 
function of the lens-source distance Dls- For Dls ^ 10 pc, 
the relativistic correction is of order at most 10~ 14 , a minus- 
cule correction. Hence, for standard lensing configurations, 
a nontrivial relativistic correction to microlensing by the 
Galactic black hole would likely have to come from sources 
deep inside the black hole's potential well. 
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C R (x) 




= D LS pc 



Dr(x)C r (x) 




Figure 4. The quantities Cr and DrCr as a function of the 
distance D^g of the source from the Galactic black hole, where 
10 pc $C -Dls 100 pc. Note that these distances are signifi- 
cantly outside the tidal disruption radius, r t i(j a i ss 0.64 AU, for a 
sun-like source. The bottom figure guarantees that Cr describes 
the relativistic correction to both the weak-field image centroid 
and total magnification (see discussion in text). The correction is 
clearly negligible for sources D^g > 10 pc. 



Fragile, P. C, Mathews, G. J., 2000, ApJ., 542, 328 
Frittelli, S., Kling, T., Newman, E. T., 2000, Phys. Rev. D, 
61, 064021 

Gaudi, B.S., Petters, A.O., 2002, ApJ., 574. In press. 
Ghez, A. M., Klein, B. L., Morris, M., Becklin, E. E., 1998, 

ApJ., 509, 678 
Hancock, H., 1958, Elliptic Integrals. Dover, New York 
H0g, E., Novikov, I. D., Polnarev, A. G., 1995, ApJ, 294, 

287. 

Jaroszynriski, M., 1998a, Acta Astron., 48, 413 
Jaroszynnski, M., 1998b, Acta Astron., 48, 653 
Jaroszynnski, M., 1999, ApJ, 521, 591 
Jeong, Y., Han, C, Park, S., 1999, ApJ., 511, 569 
Lewis, G. F., Wang, X. R., 2001, Prog. Theor. Phys., 105, 
893 

Magorrian, J., Tremaine, S., 1999, Mon. Not. R. Astron. 
Soc, 309, 447 

Mao, S., Witt, H., 1998, Mon. Not. R. Astron. Soc, 300, 
1041 

Misner, C, Thorne, K., Wheeler, J., 1973, Gravitation. W. 

H. Freeman and Company, San Francisco 
Miyamoto, M., Yoshi, Y., 1995, Astron. J., 110, 1427. 
Ohanian, H., 1987, Am. J. Phys., 55, 428 
Paczynski, B., 1996, ARA&A, 34, 419 
Paczyhski, B., 1998, ApJ, 494, L23 

Petters, A.O., Levine, H., Wambsganss, J., 2001, Singular- 
ity Theory and Gravitational Lensing. Birkhauser, Boston 

Virbhadra, K.S., Ellis, G., 2000, Phys. Rev. D., 62, 084003 

Wald, R. M., 1984, General Relativity. The University of 
Chicago Press, Chicago 

Walker, M. A., 1995, ApJ, 453, 37. 

Wardle, M., Yusef-Zadeh, F., 1992, ApJ., 387, L65 

Weinberg, S., 1972, Gravitation and Cosmology. John Wi- 
ley & Sons, New York 

Witt, H., Mao, S., 1994, ApJ., 430, 505 



ACKNOWLEDGMENTS 

Many thanks to Scott Gaudi for stimulating discussions and 
the referee for a helpful clarifying comment. This work was 
supported in part by an Alfred P. Sloan Research Fellowship 
and NSF Career grant DMS-98-96274. 



REFERENCES 

Alexander, T., 2001, ApJ., 553, L149 
Alexander, T., Loeb, A., 2001, ApJ., 551, 223 
Alexander, T., Sternberg, A., 1999, ApJ., 520, 137 
Boden, A.F., Shao, M., & van Buren, D., 1998, ApJ, 502, 
538 

Bozza, V., Capozziello, S., Iovane, G., and Scarpetta, G., 

2001, Gen. Rel. Grav., 33, 1535 
Chandrasekhar, S., 1992, The Mathematical Theory of 

Black Holes. Oxford University Press, Oxford 
Ebina, J., Osuga, T., Asada, H., Kasai, M., 2000, Prog. 

Theor. Phys., 104, 1317 
Eiroa, E., Romero, G., Torres, D., 2002, Phys. Rev. D, 66, 

024010. 



© 2002 RAS, MNRAS 000, l-§ 



